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RBSTRACT ■ , 

Two pheTionena related to the quality of student 
responses'in regard. to items used in a testing situation are involved 
in the construction of a pupil response moidel. The underlying 
ohenonenon which defines the individual's cognitive limits is termed 
the hypothetical cognitive structure (HCS» ; Tfee second phenomenon, 
which Is a function of not only the HCS but also of experience in a 
content are^, learning opportunities, and a person's past and present 
motivation, is -termed the structure of the learned outcome (SOLO), 
'T'he report looks &t the optimum achievement of the ^HCS ^t the 
different developmental levels, then relates these to the SOLO 
levels. The reponse^model is applied and^ summarized . in a profile of 
response characteristics. Examples of^upils^ responses in two 
particular elementary mathematical items are presented with 
coiftmentary, Among the conclusions, it is stated that focusing the 
educator's attention on response levels and their structure has ma^or 
implications for the classroom educational process, (HP) 



* Repr?>duction3 supplied by EORS ire the best that can be made ♦ 

* from the original document, ♦ 

««««««««««««« 



ERIC 



Project Paper 81-1 ^ 

COGNITIVE DEVELOPMENT, ' mathematics LEAltNING, 
INFORMATION PROCESSING AND, A REPOCUSING ' 



PAftTft\ENTOFriEALTH 

NAT + ONAL iNitiTyTE OF 
EVOCATION 

Tnr^ OOtuVtNT HAV* BEEN r^pro- 

THE RSON Ofi OPOANJjAT ION OR lOiN 
^Ti^GiT P0iNT^OPVlE^0« OPin'iONS 
^''tTED DO NOT NECE^&fiJJsi. T RE^PE- 
^^FN ^'btf IC liL NATIONAL iN^Ti rUTE OF 
EDUCATION POSiTrON POLiC^ 



' Kevin. Collis 
University of Tasmania 



"PERMISSION TO REPRODUCE THIS 
MATERIAL IN MICROFICHE ONiY 
HAS BEEN GRANTED BY 

Jean A,' Norman 
Media Services 



■ TO THE EDUCATIONAL RESOURCES 
INFORMATJON CENTER (ERIC}" 



, Report from, the Mathematics Work Group 

Thomas A, Romberg ajid Thomas P^ CaVpent^r 
Faculty Associates 

James M» Moser 
Senior Scleftfist 




. Wisconsln^Research and Development Center 
f or ^Indlvlduallzea Schooling 
The University of Wisconsin-Ma4ison ' 
■ ' ^ Madison/ Wisconsin 



March 1981 



Published by ':h# HiscoxisiA ReM«rch and' Dev«Iopamt Center for Individualised Schooling. 
The project piresented or reported herein wag*perfonMd pursuant to a gtant fron the^. 
National Inst itute of Education, 'DepartMnt of Education, Howeverf the opinions 
eicpressed her < tin do not necessarily reflect the position or policy of the National 
Institute of lEducatioHf and no official endorsenept bythe national Institute of 
'Education shoiild be inferred. { 

Canter. Grant Mo. OB-HlB-Gi-dI-0OO9 



WISCONSIN R&D CEffTER 

MSSiON STATEMENT . 



The mission of the Wisconsin Research and Deyelopinent Center 
is to understand, and to help educators deal -with, diversity 
auKDng students- The Center pursues its mission by conducting 
and synthesizing research, developing strategies and materiald^ 
and disseminating knowledge bearing upon the education of 
individuals an<l diverse groups of students In elementary and 
secondary schools* Specifically, the Center investigates 

« diversity as a basic fact of human nature, through * 
studies of learning and development 

« diversity as a central challenge for educational^ 
^ techniques, through studies of classroom 
processes 



diversity as a Jcey issue in relations between 
individuals apd institutions « through sjtudies of 
school processes * , . ^ " . 

* i ^ . / 

diversity as a fundamental question in 'American 
social thought, through studies of social policy 
related to education , i 



I' 



The Wisconsin Research and Development Center is 'a nonir^ruc- 
tional ■ department of the JJniversity of Wi scons in -Madisori 
School of Education* The Center i^ supporte<i primarily with 
funds from the National Institute qf Educat^n.^ 

\ 



The Development of an Idea ^ V * * 

An Explanation of the Stage Phenomenon 

A Change of Focus* . ^ ♦ 

A Response Model ^ ^ * 

Information Processing and the Response Model * . 

The Response Model in Use ^ 

Elementary ^fat hematics , ♦ ♦ ♦ * 

Examples of Sctidents^ Responses in Two Particular 
Mathematical Items 

Oonclusioxi * * + + + + t + t*^ + + + + + + t+^t 

References 



Preface 

This paper ±s a revision of an essay prepared for a Setalrxar'on 
Initial Learning of' Addition and Subtraction held at the Wingspread 
Conference Center in Racine, Wisconsin, November 1979* A brief 
v€irsion containing some of the elements of this f^aper is Ch^apter 16 

^'The Structure of Iieatned .Outcomes : A Refocusing for Mathematics 

** ' ' ' 

Learning" in the book. Addition and, Subtraction; A Developmental 

* . J " ] 

Perspective , T, P, Carpenter, J, M. Moser, and T* A. Romberg (Eds*) 
Lawrence ^rlbaum Associates, Hillsdaie,^ New Jersey, ,198i» ; 

. ' \^ 'Thomas A. Rpiifc^rg ' 

, ' " „ - , , ^ .' Editor \ . . , ^ 



The Development of an Idea 



\ . ' ,In'th^ first.'part of this paper, I will describe the evolution 

• ' / of. my id^as about children's cognitive development' and mathematics 

" ' ' . learning* I will trace the' course of my thinltlng beginning with my 

dayd as a classroom teacher, wheri my task Involved 'a series o£ practical 

► ^. problems:to be jsolved^ ' through a-descriptive pha$e where I put the 

pirobleqifi of mathematics learning liito a Fiagetian devoji^mental 

framework, to an explanatory phase In which I related the development,al 

model' to certain information processing concepts, Recently> in 

* ' ■ *' ■ * f " ^ 

at^teinptlng to address the earlier^ research more directly to the 
' ' ' ' ' ' " \ 

' ' practical^ problems fai^^ by teachers a^id curriculum d^igners^ I 

have turned to a^^sponse model and (with ^» B/ Biggs) have devised 

a taxonomy^jwhich is concerned with 'the structure of learning outpookes* 

JE>dring^the 1950s I tyaught for five'years in elementary schoels 

_l^nd^five years in high s;bhools'^in Queensland, Australia, and it was* 

^ the experiences of those years which awakened my -Interest in making 
^ . ' ' * * ^ m ^ 

careful studies of .the way children think* ^'It, was fascinating to 
see the kinds of mistakes that children made and to see the same 
mistakes j;epe^ted by different sets of children of abouV the same age, 
in different schools, and in di^erent years. The similarity between 
the mistakes made in the same mathematical topic was not' longitudinal, 
depending on who* was teaching, but was rather a cross-sectional, Across*; 
teacher variable, ^ This phenomenon w^s. 'particularly noticeable, In 
X topics where children commonly had diffi^culty, for example. In ^he ^ 
elementary schpol, iij fractions, decimals, and long division^ The§e 
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all seemed to produce, year after year, the same kinds of -error. In 
the secondary school, the solution of sijuple,. simultaneous , quadratic, 
and trjLgonometrical equations all produced^ ctiaracterietic mistakes 
year after 3;ear* What was even moye reanarkable for a young teacher 
was that no matter how one changed one's teaching method or textbook, 
the problem continued* Teachers in those days often tried to shift 
the responsibility for the mistakes to the children* The problem 
e^cisted because the children concerned were inattentive, careless, 
or dull and thus» apart from tinkering with various ideas on. classroom 
motivation, nothing much could be done* * 

This -resolution of the problem was obviously unsatisfactory quite , 

r 

apart from the fact that some of the generalizations, such as careless- 
ness, ^'were patently untrue< Even with my limited experl^ce at that 
time, it was clear that children were very rarely careless. Indeed, 
most seemed to talO^ a^ great deal of trouble to try to follow the 
procedures ^hey were taught » In ^solving problems children appeared 
to work very ferd at thinking them through if they found them meaningful » 

Although theix solutions (or teacher-require4 'answers)^ would be incorrect 

J ■ ^ ^ 

there was little justification for the label careless, in the sense of 

lacking care. 

, Hy interest in children's mistakes led, towards the end of the I 
1950s^, to an interest in teaching children *who , although riot dull, 
.were not 'succeeding at mathemat^ics as taught in the classroom. This 
experience deepened my conviction that the way children were being ^ 
taught mathematics was the reason for the kinds of mistakes which they 
were producing. • ^ . 

■ . " Q 
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X^l^^ng with indivldual'^hildren ;abo4t their ^aath^natics made it ^ 
clear 4^at a lot T**- the connnon V^®^^^^^ were due simply to the childr^ 

... . ' X ^ • ■ ; , - ; 

haying a Htiscoaception of the matnematical concept they were dealing '. . 
t7ith. This^misconception was often ^asily d^ived '^roni a standard 
^ ^ classroom interchange. For example^ t1;ie ch^ld in the -early si^ages^of 

learning the subtractior\ algorithm might be having trouble in getting 
' ^ ^ the numbers the right way around and the teacher says, *'Can'C„;you see 

. i that^ you always take -the smallest number f^om the biggest number?'* 
\The child adopts this rule of thumb. Some time later the child is 
still njsing the rule and getting into difficulties because he or she 
i$ unaware that the standard algorithm. Involves subtracting the bottom 
number from -the top nximber* A further source of tiiiscorlceptions lay . .-^ 
' in the way children were often taught certain topi<j^&* , For example, 

V 

• after a very brief 'introduction to the concept of ar^ea and its measure- 
" ment, the children spent a lot of xlm^ multiplying tfwb numbers together 
to find the area of a variety of rectangles* When they regularly 

• V . . ; ■ t • 

^ succeeded in this tasH> it was assumed that they understood the. 

' ^ * ' ^ * " * > 

" concept of area and its measurenient* * #Oily 'at a later stage when the 

■ ^ ' ' ' 

^ ; children wer^ giyen non-rectangular fcigures did it become apparent - 

that their' understanding of what they were actuaj.ly measuring in 
terms of the product of^tbe two numbers was not at all clear (Collis, 
1969).^ . ^ ' 

The kinds of experiences described in the last paragraph> along 
with the arrival in the early 1960s of the "New Math'*, program, from 

V 1 " 

the United States, stimulated my interest in investigating the problem 
much more closely. The New Math^texts from groups such as School 
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Mathematics Study Group CSMSG) , which presiitaably were to be used with 
normal children of 13 p*r 14 years, had- ex^Jfectations quite tieyond what 
children: ^woi^id have been able to handle at that ag^e level, in my^ 
expepi^ce. , . 

At about-the same time in'the early 1960s, was fortunate to 
meet up, with Hubbard who had the same kind of interest in the 

learning difficulties in mathematics that apparently average children 
were having. Mo^'eover, Hubbard had the resources available to explore 
this intefest, A team was formed, consisting initially of Hubbard and 
Cdllls, and we arranged to teach experimental classes ixC^ certain private 
schcTols in'Brisbanfe, Queensland, Most of the classes consisted of 30-40 
*"girls, ^ The classes r^g'ed in. level from the ^rly primary school (most 
of the, girls were about eight years old) to the middle secondary school" 
lev^l (gi,rl^ about 14 years old), A team teaching technique was used 
in which one of the teams took the major responsibility for the class- 
room work for a particular lesson, or' series of lessons/ while the 
other .observed. A person was also engaged as a recorder* This 
person's task was to record signifi<:ant events in the classroom ai^ 
to make general notes on the in which the lesson proc^ded« 

Itj^ the initial stages of^the w^k, we attempted to follow the 
children's reasoning wherever it led-^Thus, we might Introduce a. 




topic with a particular plan^of development Injmind but find\very 



quickly that the children's intere^^was in another, non-^riuial^ 

aspftmjf the topic, Insteadv-of persisting with tl)^ original plan, 

we would switch to the line of thought the children i/ere interested 

* . ' ^ ( ^ 

in and triP'to follow ±t through with them* For example, ma'tchboites 



1 



\ ■ \ 

were introduced with a view to using tliem as informaj| measuring units* 
^ The children, however, became interested in the notation on the front 
of the matchbox which said "Average contents fifty-" They wondered 
what this meant, $o the succeeding lessons and experiences resulted 
' in the chilAen looking at the stat;istical aspects of "matchbox" mathe- 
^ " matics* It was some few lessons later before the matchJ>ox came back to 

« be used for its original purpose of an ihformal measuring unit* The 
kind of teaching approach outlined above relied heavily upon our 
experience as teachers and our ability to see the structure of elemen- 
tary mathematics as a whole* , ' , 

^ It became clear , as the experimental teaching progressed with the 

various age groups, that primary school and early secondary schoQl 
mathematics had to be structured so that the children could see the 
interrelationships between the various parts of mathmaticis for th^- 
selves if they were to get educational and practical value out of 
their experiences* In addition, it became very obvious that the children, 
were able to reason with quite rigorous logic provide one did not 
jxceed the level of logical functioning of which th^ were capable. 
This meant> in the ca^e of the children in the ^experimental classes, { 
that formal abstract logicT had to be avoided and reliance placed on 
the concrete logic of classification, seriation, ^d equivalence as 
described, by Peel (i960)* 

' When the experimental' teaching first starte^ , we did not havfe 
any particular learning or (developmental theory Tin mind. We were 
operating on 'the basis of our own experience ixij teaching chil^^n of 
these ages and our knowledge of the structure ^f elementat7 mathematics* 



However, it became clear after several months of experience with the 
children that this base was not sufficient, especially a3 the mathe^ 
* matical structure and the technique used to de\^lop it seemed to 
interact substantially with the children's cognitive functioning* 
In order to know ^here the project ^was headed and what need^ to* be 
done next, it was necessary to find seme kind of theor.etical framework 

pon* which to base decisions on both teaching technique and*program 
components* 

After*^ considerable reading, thoiS^ht and debate on the matter, we 
decided that the most satisfactory theory, as^far as teaching was 
concerned, was one based on the Piagetian model because it seemed 
to t-ake the most account of the children's form of logical, reasoning * 
For the structuring of the program, Ausubel's t;heory of the acquisition 
of meaningful verbal learning (Ausubel, 1963) was linked, with the 
Piagetian model (Collis, 1970)* This composite model was. used to 

^ati the further teaching of mathematics to the experimental^class^s. ^ 
\^ Fro« the work of tho^ years, there were two main outcomes* ^ 
FirsCj a series of texts was written by Hubbard between 1963 and 
19^. I contributed a number oX^ teaching notesi for the teachers' 
editions^of ^liese texts. Unfortunately, the t^^^cts (Hubbard, 1963), 
1964, 1965), which wire designed for ^he "^early;^ secondary school, are 
new out of print but 'they were used in a number of Queensland schools 
for some year^ after their production* Th$ second signifi-cant 
come was a formulation Qf a general theory of teaching mathematics 
to children from'about eight to fourteen years of age* This . 
formulatlonf has been described, in various places (e*g* , Collis, 



1969; Hubbard » 1971)^ In addition^ the broad summary of the theory 
is set out in Collife;W975a» 

By the mid 1960s»\ Hubbard and I were beginning to find divergent 
intere^s* Hubbard wanted to' continue-with the same experimental 
teaching technique and uise ^he in^ghts obtained to design , curriculum 



materials and publish tenets. X had become more involved jjin the ways 
in which children were thinking^ particularly^ with mathematics items. 

In 1968 our team. split up. I accepted a position at the 
Unj^versity of Newcastle (New Soutti Wales) to do research in cognition 
With ,the psychology department*, using mathematical items and the 
Piagetian model as a theoretical^ framework* This turned out to be 
a happy combination* The mathematics educators saw*the items we had 
developed in the course of solving the problems of teaching mathematics 
as having direct relevance ^o the classroom and the programming of 

mathematics courses; ^e use of these kinds of items was new to most ' 

i 

of the psychologists I came in contact with and thus threw a different 

+ ' ' * *' 

light on their views of problems of cognition. 

In the late 1960s and th^ early 1970s, I conducted a series of 
e^cperiments with children between the ages of seven an<f seventeen 
years wii^h the object of teasing out the Piagetian developmental * 
stage levels, or the constructs underlying these, using items involving 
elementary mathematics* The tests were both group and individual* 

r 

The former were intended to provide^normative data on a cross section- 

of children from seven to seventeen years* The latter were more in'* 

r - 

depth clinical studies meant to track down the way the children 
were arriving at their result's and what th^s implied about their 
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level of logical functioning. The result^ of these studies are published 
in a number of places Vcollis, 1969, 1970, 1971, 1972, 1973, 1974,"^ 1975a). 

It seems appropriate to summarize the results of this part of the 
work, however briefly, at this point* The series of studies clarified 
some of the basic Piagetian concepts-and defined the different Piagetian 
stages operationally in terms of mathematics items* The difiterences 
between operating at different stage and sub-stage levels, it was found, 
could be described in terms of the following constructs v^ich obviously 
are not disjoint but interact with one ^anott^er: 

1/ Complexity of mental operatiorr involved ; This refers to what 
the child has to retain in the working manory while he or she deals with 
the problem to be solved* For ex^ple, to solye 4 + 3 * Q + 4 does not 
rfequire as much *'mental eff9rt** as7-4»Q-7» The former is mpsr 
frequently done correctly by the younger children by using a pattern 
completion strategy which makes minlnial cognitive demands; the latter^ 
requires at least two closures and a decision to add where subtraction 
is strongl'y suggested by the form of the item* 

2. Abstractness o£ elements^ involved ; The increasingly abstract 
nature of numbers as they become larger is a good ex^ple of this notion. 
Small nMmt>ers, less than 10 for example, are very yeal to the cl^ild ^ 
in the early elementary school, but large numbers such as 289 are quite 
abstract and hence without substantive meaning, ^ The. young child can 
not visualise what such a large number represents* Even further removed 
from reality in the^ abstraction process is the use of letters to represent 
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variables; the ability to work meaningfully with this concept does not 

appear until well into adolescence* 

3» Ability to handle abstract systems : This refers to the * 

ability of the child to solve problems given a set of rules and 

definitions; the defined elements of the problem togetiber with the set 

of rules have no necessary reference to the child's physical world*- 

Many topics in arithmetic where children ^re asked to deal with elements 

that are not within their experience are of this kind* The topic becomes 

♦ 

a set of arbitrary rules which areapplied to abstract elements* For 

example^ topics like stocks and shares^ bank Interest^ profit and loss^ 

conmiission and so on are almost custom-built for this kind of criticism 

*^ 

although our methods of teaching can arrange for any mathematical topic 
to conform to thl4 model* 

4* Ability to operate on operations : The .use of the inverse in 
solving equations can be; used to illustrate this notion* Prior to the 
^onnal l^vel the children do not use the inverse in a reciprocal manner, 
controlling an operation and maintaining a balance in^^ the system 

at the same time* Instead they tend to ush a negating, mechanism which 
is related only to that part of the system upon which they are^ presently- 
focusing* For example, in solving the following equation, x + 4 = 9, 
the child using the negating mechanism will reason, "minussing 4" 
undoes "plussing 4" therefore, if x + 4 » 9 

then X = 5 ' 

and will not see any point in 

using any intermediate st^ps* 
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The child who uses a reciprocal strategy will, if pressed, see 
the value. of several Intermediate steps, tife first onfe Vcontr<tlling" 
the operation w^le keeping the original statement in view andVtn 
balance, thus; x + 4 * 9 

x+4-4=9-4 ' . ^ 

X = 5^ 

5, Acceptance of lack of closure ; This construct refers to the 
level of the child's ability to work with operations without the 
necessity for closing the operation. In early primary school, this 
ability is "r^ot v&ry well developed at all. The child insists on closing 
an operation such as 2 + 3 ImmediA^ly before any farther consideration 
is taken; at a slightly later stage the child is able to deal with the 
operations and reasor^^with them as long is there^is a guarantee that 
t1r\^ operation could be closed to a unique result at any particular time. 
At the highest lev^l of functiofflng the adolescent is able to resist 
closing the opQratiO;is and keeps them entirely open as long as necessary 
to come to a logical*c<mclusion» 

6, Multiple interactlQg systems : This particular construct was 
explicated by Lunze;r (1973) wh^n he was, distinguishing betwt&en simple 
and complex systems. In the present context^ it refers to the child ^ 
ability to handle mathematical formulas at* different l^els of sophiBti* 
cation. For example, at*the junior high school level, most children can 
use a formula such as A ' L x W by realising that, given the dimensions, 
this formula will enable a measure to be made of the area of any 



1 n 



11 

rectangle. This repjresents essentially a simple system of covariation; 
thvk^area changes as the rectangle changes and **L x changes as the 
rectangle ch^ges. What cannot be done at this stage is to relate 
changes in one or more of the variables A» L» and W to changej^ in one 
or more of the others* (For example, "If A is to' stay constant and 
W is to be changed in some way — doubling, taking a fraction of the 
.^or^gin^l-'-what must be done to the length L to satisfy these new 
conditions?") 

The research up to this point (the early 1970s) gave a useful 
description o'f the stages of cognitive development of the child using 
items from elementary mathematics. However, no investigator could be 
satisfied with a mere description of how things worked, no matter how 
useful the ^descriptions w5re- ix\ terms^f making cnrriculxim and teaching 
decisions. My^ next step (about 1974) was 'to begin looking for an 
explanation of the stage- phenomenon » 

An Explanation of the Stage Phenomenon 

, During' some early studies an Interesting phenomenon appeared. 
Early , elementary school child1:en seemed capable of . working meaningfully 
with mathematical items which" Involved two element s and one operatipn 
(for example, 3+4) but they seemed unable to work successfully 

V 

when a further element and operation was Introduced (for example^ 
2 + 3 + 4)» Success with this type of *item cpie a little later* 
When tested Individually the younger c>iildren appeared ^nable to 
retain all the necessary Information ^ong enough to^ process it. 
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A typical interview with a seven year old went,^like thi-s: * 

■ \ ' .. • 
Experimenter:- What number does 2 +-3 + 4 equal? 

Child: 2 + 3=5 arid (pause) What was the other number? 

Experimenter: I said What number does 2+3 + 4 equal? 

Child: Oh yes I Ncw» 2 + (pau^e) what:<^ is' the sum again? 

^ A similar pattern o^ responses was obtained with more complex 

exercises through the higher stages up as far as'^ormal operatidhs. ^ 

For example, in another study an eleven year old girl was given the * 

information that y ■= 365 

and that, y + 289 - 289 + 365^ 

and is asked to say whether the l^a^t statement is true or false and to 
give a reason. The child showed every sign of bejlng confused by having 
too much information to take into account* In the case in question 
she decided to add up. the two t^iHabers on the right hand side, 289 and 
365. Having worked this out she then alternated her. attention between 
this calculation and the left hand side of the equation muttering 
over and over again the stat^ent, "y + 289 equals," She ignored 
altogether the information, y » 365< She f^ally became completely * 

. ■■ ' ' A • ■ 

^ confused and gave up< The same kinds of symptoms can be demonstrated 

with older children of fourteen or fifteen years if one makes the 

* 

questions more complex still. The children each cas6 shoW signs 

■ « 

of cognitive strain and repeat^parts of the problem aloud. They 

s^em to indicate a difficulty in bringing together the relevant bits 

' ' ' ' * i 

of information long enough to allow them to'b6 processed*. In all 
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cases, picotodols for the individual students showing this problem in- 



dicate th^ they are behaving ^s if they are exce^^ing their particular - 
capacity to\process data. " . -'^ * ' " " ^ ' ■ 

■ - \ ^ ■ J' ^ '.' ■/ r ' 

Let us eicamine a possible model to explain this behavior. Suppose 

\ ■ ' " ■ / ' ' 

the circle belo^ represents the actual space available for processing 
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data* Let us lo<^k at the child s problem at the early elaneptary school 
stage and see what^ may be happening* Tirst of 'irll the child is arsf^g^d 

enter into the processing space th^ .number 2 being ^o the child not 
an abstraction, a number that jextsts in itself, but two real things that 
have to be kept in the minci^a eye, as it \iere, to give meaiilhg to the 
s^rmbol "2/* L.ikewise the ne^ct .txlece of informaption is an operation**'plus 
which doe^fCt have an existence, of its own but also, has to represent some 
physical act of putting tog'ether* Then comes the which also corfeis'ts 
ot three things and mtist be treatedO^ike the **2** already entered*^ Th'ese 
three pieces Qf data come together and give us the tot^l 5 which the ^ 
child attempts to retain in the working space "together .with the "2** an^ 
the *'3** and the "plus*** The diagram suggests that;^ the 9pac^ 'is now fully 
occtipied* Any attempt to add further data results in what is called an 
overloadiin calculator terms. When 'this overload o(;cur5 putting in fiir- 
ther information means that some information has to go out: * 

A year or* so later at the next substage of development* the child is 
able to cope with this kind of problem* Why? Evidence frcan individual 
interviews suggests- that the differeltce lies in the fact that, by then. 
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'the'siDall nuTiiber4> 'like the'*'2** and the- "3," and the operation of addi- 
jti^n'have^ become entities in their ovm right. The child does not have 
tt) keep, them in the mind'^eye or relate them, to some physical pheno- 

;Tu^non - phey can be treated as things in themselves and thus occupy 

little working space. This means the child at this substage can 
handle Several small numbers and a number of operations ^y closing in 
sequence, Thi^ kind of explanation fits all the aspects of the situa- 
Ufoii 1 have observed: - the oral repetition of *the data, the continual 
refocusing on different parts of the data> and the phystafti symptoms of 
strain and confusion, 

. There at^^several mbdels', dithering , in detail btlt compatible over- 
all> which not only support these intuitions but also satisfactorily ex- 
plain the stage ^development phenomenon. Two of these^dels were pre- ^ 
sen ted' by their authors Halford (1977) and Pascual-Leone (1977) 'who par- 
ticipated wi^h me in a symposium on stagesi in thinking held in Pavia- 

X - r 

(Italy) in 1^77, .A third model, the pne that I''wlsh to use in this 

: ' ■ - - ■ . " ■ 'A. 

paper^ is oAe .presented by Dr< Robbie Case of the Ontario Institute for/ 

* 

Educational Studies, However^ we A/iH come bdck to the Case theory^a 
little later in tfie paper. ' , ^ ' 

A Chlange of ^^ocus 

- ' '^ ^ ' ^ ^ i - ^ 

A Response Model ^ ^ - , ' , < ^ * - 

Sq: far- this paper ha& outliiied the agenesis, of my ideas from the 
time of typical cla^si^oom experiences through the develpppient of con- 
structs which described the phenomenism in terms of mathematical items 
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on to a possible explanation for the phenomenon in terms of the informa- 
tion processing model. I vill now describe my more recent thinking in 
the area* 

About 19-75 I set out with Professor J*B^ Bigg^^ of the University 
of l^ewcastj.e (N»S»W,) to^ gather " together the sxihstantial amount of work 
'which h^d been done in the classroom on ^e .Piagetian notion of stages 
of development* In particular..^. A* Peel an students at the Univer- 

sity of Birmingham had done a lot of work, in contend areas as diverse " 

as geography, history and Eqglish literatur^\ . Other writers such as 

\ 

Shayer of th^ University of London had done-;work in scV^ce* Biggs and 
I set out basically to find examples of levels of cognitive development 



in the major teaching subject areas at high «chool and primary school 

so that these examples could be made available to teachersl We hoped, 
for example, to help teachers te^ogni^^ student errors as^ developmental 
phenomena rather than merely as carelessn^^s^ 

We also planned to produce some sort of a checklist for teachers so 
that the^ could code theii; own students' responses in^^te^s'^of develop- 



mental level* However, 



as foon as the literature review had begun and. 



morfe significantly, when we began giving some tests*of our own to\build 

on the available, data, s'^veral problems surfaced, three />f which ar^ ^out- 

i ^ ■ 

lined below* 

1. The criteria used by ^he various researchers for determining 
different developmental stages varied considerably across content are^* 
Inverse operations and multiply interacting systems, for instance, J||iiJ 
quite clearly useful in logico-^thematical tasks,* did not seem as significant 



in other areas of content, such as in Engli^ or^history- (this does not 
mean to sdy that they could not J?e recognized there but rather that the 
authors who Were responsible^ for the dtudie£^^t^these^i:eas did not see 
to tak^ them into account. ^ ^- On the other ha^d^^^rtzain areas in English 



such as "quality of expression"- seemed to j:b6^ organizefl in terms of cri- 
teria vthich would not readily apply in science or "Wthematics. 

■ -r/ ^'j^ ' ■ ' ' 

2. When testing su'bjects on iteins fr&llt different content areas. we 
found that the well known Piagetian c<!^cept of decalage was very much^ . 
the rule rather than, the exception- fhis finding se^ed at odds with 
bo,th the clevelopmental approach and tlie idea of xlevelopmental stages. 
V.e same student on -dif/ereftt occasions woyld^valry tl^ree and ¥our fl^ges 

in. the isame content area* Age ranges fot typical r^^ponseB seemed too 

, " • \ ' 

gross a measure to accommodate the tra<Jitiohal/-stag^ dwelopment eqheme/ 

3. Another puzzling f eature^whlch ajro^e^iwas inconsj^Stericies in the 
same student's response upon re testing ^ the^s ^fltfe j.teig * A student might 
respond at what would be termed a middle' coi^Vt^ %eyel aAd then, when 
reteated some time lateY, give responses one en; Wo l^^els higher '(or 
even lover) than the level at whl^h ^the mater^lt had been pj:eviously en-^ 

coded. ^ ^ ^"^ 

* ^ * ■ . , \ ' 

Considerations l^ke these called' ii^to ^ue^tidh th^ fdeatof catego- 

>rizj.ng students into developmental levels ori,^,thft ^has4s of the^r responses 

'to, .particular items in particular, content areft^* Thus^ the ££fcu9 Bad 

' tio shift away from a response implying a stage development to Vonsid-^ 

*er4?ion.of the quality of each indiv^ual response per se : It ^^eared 



that^. two phetiomena werer involved, no^ one as had b^en. supposed* The ^ 

first, .underlying pheaomepon which defines the, individual's cognitive^ 
* 

liiaits might be teFnked the hypothetical goRoltive structure (cf, Piaget's 

Stages of ■ Cognitive Development). The second, which would be a function 

^ • '* 

not only'of the hypothetical cognitive structure but also of experience . 

in a^content area, learning opportunities, and the person^s present and ' , 

past motivation migjit be termed the structure of . the leari;ied outcom^ ^^OLO) 

(CoUis ^ Biggs, 1979). ■ The former laight be likened to the old idea of'^ 

the IQ which, was a measure of intelligence and considered permanertt.^ The 

latter Ifcay be'consid^red to be like achievement' on a particular test at a. ^ 

.particular time^. • Although the two cxjnstructs are closely related, tht?* 
former iV relatively fixed and is virtually immeasurable and presumably**^ 
unalterablV (at leist, in -the short term) by what teachers do, while t le 
latter is flexible and measurable by the teacher* In fact, it can'be 

^used by the tea<;hei: to guide the design of both lessons and program?- 

Let us look briefly<at the optimum a<^hievement of the hypothetical 



cognitlve*structure (HCS) at the different stages of development and then 
Telate these .to the SOLO levels. ^ ^ 

Pre-operat^onal HCS Stage : This is the stage that in the Piagetian 
model is nonlogical' or prelogical. These children typically cannot con* 
serve and so n^thematicfs a's such is beyond them but there appears to be 
real value in encouraging them to work at premathematical exercises. The 
equivalent level in the SOLO Taxonomy. is called prestructural ^ Here the 
T^sponsfis typically indicate 'that th^ child has no real feeling for what^ 
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one would call mathematics; very often the responses they give to mathe- 
) 

matlcal tasks are irrelevant or tautological. 

The early concrete operational HCS : An elementary basis for a con- 
Crete log^c of classes, differences anfl equivalences^ now exists. Con^ 
servation> which* involves elementary use of the reversibility principle, 
seems t^o be well established and there is a basis upon which to develop 
some sort of logical, even mathematical, structure, the equivalent level 
in the SOLO Taxonomy is termed unistructural . At this level children 
asked to form a conclusion on the babis of givan information will select * 
one, piece frojtf all the given data and iirauediatel^vcQme to a rapid conclir-^ 
sion< In mathematics they demonstrate a necessity to ctose any operation 
quickly and they find it difficult to find meaning In expressions that 
have more than one operation with small numbers. ' In solving any problem 
they tend to go forward f.rom the starting point and then only one step< 
For examplfej in solving the equation y + 4' » 7 they will give the re- 
sponse 3; the^reason involves some sort of counting on procedure. Typi- 
cally they will not see that subtraction is a useful*^rocedure for solv- 
ing the problem. * ^ 

Middle concrete operational HCS : This is a period of well estab- 
lished concrete logic of differences, classes and equiyalences* Chil- 
dren at *this stage do not see interrelationships or, at least, do not 
consider interrelationships in the data* Reversibility of operations 
is available to, than* However, they demonstrate that their reasoning 
is clearly copfined to the physical world of the "here and now*" despite 
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indications of a raised level of abstraction in that they can usi more 

1 

operations, larger numbers, and more propositions in verbal problems, 
the equivalent SOLO level, the multi-structural response, indtcatjes that 

.1 

the child comes to a conclusion on the basis of a sequerice of discrete 



pieces of information selected from the data< In mathematics, sequences 
of closures are used meaningfully if the numbers a^e small, although if 
large numbers are involved the number of meanfhgful relations or cipera- 
tions that can be handled is consequently reduced. The child seen^s to 
lack an overall view of the' interrelationships between the operatibns ' 



and elements in a statement. It is as if the statement T^presents 



a ' 



series of instructions to be performed in sequence. ' ' 

Concrete generalization tfCS : This is the high point of concrete 
operational logic. The most significant feature is perhaps an ability 
to generalize from several concrete instances, although no abstrat^ hy- 
potheses are considered and thus the generalizations are often inadequate. 
The student indicates an ability to interrelate given data but tiot to go 
outside iti The equivalent SOLO level is called relatignal . At this • 
level the child^s response indicates an ability to relate one part of 
a system to another in a quite concrete way. For example, in terms of 
numbers the child is able to deduce that 273 x 471 



471 

is equivalent to 384 x 273 



^ 384 but^es not 

realize that this is an exam^e of the abstractiojry- a j^b ^ a x m , 

^ ^ ^ b m- 
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The line of reasoning can be easily verified by asking the child to 
prove that one statement is equivalent to the^ other* Typically, »the 
proof will involve working out the numerator and^dividing by the denom- " 
inator in oVder to achieve^ a unique result which happens to be th^ same 
for both statements. Responses at this level indicate that the chil<t 
can keep ti^ack of" the key interrelationships within a given numerical 

* 

statemQnt« . ' x ' ^ \ 

Formal operational stage HSC: This is clearly associated with ma- 
ture formal logic. The adolescent at;" this l^vel.^of functioning has the 
ability to take all the data and thdir interrelationships in^to account 

ter obtaining an overview of the problem and consllering ati' appropriate 
abstract hypothe^irs qj: generalization. This hypothesis qt generalization 
is tested against the given data and against other considerations which \ 
may not be given but whdchvSfe germane to the problem^ The equivalent^ 
SOLO level involved is the extended abstract^ response* This level of 



response reveals atnability to deal with complete abstractions, so long 
as they are within a yell defined system. This last is the hallmark 
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of this level of response. Variables are no problem and do not need 

reference to physical analogues; mathematical and logical 'operations * ^ ^'''^^V 

take on a reality of their own; balanced systems such as equations can . ^ 

* t * 

be overviewed and manipulated^ so that the system remains in balance. ^ 

Information Processing and the Response Model 

Let us now consider how this response model fits the information 

proces.sing paradigm which was earl:ter hypothesized to explain the stage 
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development phenomena. We will use the Information Processing Model 

put forward by Dr< Robbie .Case (1^78) » 
* 

Case's theory fits the general Piagetian model with regard to both 
,A\\e. content and process of development. His major change conceirns the 
way the general developmental factor is conceptualized. It is conceived 
as a quantifiable level of working memory rather than as a general no- 
tion of "operativity'^ ; even this change is not incompatible with the 
Piagetian model. Case's basic position can be summed up in the follow- 
ing five- postulates: 

1. that children pass through a series of sub-stages within each 
major stage (of development) in whi^^^their strategies or rules 
for approaching the problems charac'teristic of that stage become 

increasingly complex; ' ' > 

I 

2» that one necessary condition for st;rategy evolution is exposur-e 
to information of relevance to the specific doinain in question; 

3. that a second necessary condition is the acquisition of suf- 
ficient working memory to coordinate the information of relevance 
to'th^'more advance4 strategy; ^ 

4. that working memory capacity is constant but that there is a 
gradual increase in functional working memory within each stage^ 
due to the automatization- of the operations which are character- 
istic of that stage; 

3. that once this functional working memory reaches a critical 
l^vel within each stage^ the way is paved' for the assembly of the 
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higher order operation whictf underlies the strategies for- the * 
next stage, (Case, 1978) 

These postulates clearly refer. to an individual's general level of 
cognitive development, not to the structure of a specific response in 
a partit:ular content area at a certain point in time* Equally clearly 
the two domains are closely related. Especially in relation to the 
^learning of elementary mathematics, it would appear^useful at this stage 
to link the Case postulates to level of response* In teaching mathemat- 
ICS or in organizing the mathematics curriculum one is dealing with the 
structure of the learned outcome rather than with the Individual's gen- 
eral cognitive functlonl^. One has to assume that the basic substrate 
strategies about x^hlch Case is concerned are developing and use them to 
determine the upper level pf the response expectations,' One must be 
aware, of course, that what is being do^e^in matheiqatlcs is probably 
affecting the basic level of general cognitive functioning* 

Let us examine the p<^tulates In relation to the response model ^ 

outlined earlier, keeping In mind that one of the Important functions 

of the teacher of elementary mathematics is to encourage students to 

respond at the highest possible SOLO level* 
* 

Postulat^e 1 can be seen operating tWoughout^ the Increasing com- 
plexity represented by th& continuum from Unlstructural to Relational 
responses In the area of numbers and oper^ions*- For example, 

(a) each level of response relies upon closure at some concrete 
level but there Is a steady It^crease In the complexity of the way in 
which the concept Is used; 



23 

(b) the only mathematical operations which can be handled success- 
fully are those which can be based on some concrete analogue such as the 
four operations of elementary arithmetic; 

(c) there is a gradual increase both in the ab$tractness of the 
elements able to be us^d with understanding and in the nixmber and inter- 
relatednesff of the operations which can be meaningfully used with those 
elements » 

The follow^g diagram may make our point more clearly: 

/2 + 3v Unistructural - one operation^ 

\. closed immediately 

2+3+4 478 + 576 - Multistructural - multiple op- _ 

erations closed in sequence 



> \ ■/ 



Relational * multiple operations 
273 X 271 ^ ^ and their interrelationships 

. 473 , seen within ^n expression 

The different levels of response ar^ cumulative. Each one adds 

somefhing to tl^e previous one^ until the greatest complexity attainable 

at the particular stage of development is achieved* The developmental 

stage spahned by the example given is the period of concrete operations 

and covers th& SOLO levels from unistructural through multistructural 

to relational. ' 

Postulate 2 bears on the facf that to expect higher level responses 
in mathematics must require that the individual has extensive^^experience 
with both the content and process of mathaaatics* The diagram above 
illustrates this quite well* A child needs extensive experience in re- 
sponding at the unistructural level in order to ensure the numbers and 
the basic operations become real (i.e* concrete) things in themselves* 
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In other words> extensive practice is needed to achieve a degree of 

automatization which will allow inovement to the next level of responding* 

At this next level a number of operations can be closed in sequence and> 

♦ 

within limits> large numbers, those beyond the child's immediate ability 
to visualize the object involved^ can be handled with understanding* 

At this stage academic subjects are usually taught with two main 
effects on the student in mind: the assimilation and understanding of 
the content of the subject (the facts and concepts that constitute know- 
ledfle of the subject), and the cognitive processes that are induced by 
a proper understanding and application of the subject (the skills and 
strategies that constitute the appropriate way of thinking for that sub- 
ject). Bruner (3:960) strongly emphasized the interplayof content and 
process features in the overall structure of a subject matter. He spoke 
of .the **generic codes'* of a subject* ^These are the basic processes and 
content structured that majce the subject* In the present context this 
means that> right from the beginning of their contact with mathematics 
in school, children need to experience the structure and rigor of mathe- 
matics* presented at a levBl which matches their intellectual capaed^ty 
by a teacher who has a feeling for both the "generic code" of mathematics 
and the Ifevel of functioning indicated by a child's responses. 

Postulates 3 and 4 relate to the availability of working memory, 
space to permit inore advanced strategies within a particuliar stage* The 
relevance of this notion in the present discussion can again best be seen 
by referring to our diagram* If the working memory capacity is constant, 
keeping track of the numbers and the operation involvjed occupies almost 
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all this available space for a person confined to the unistructural re- 
sponse l^vel. The "2*^ and the "3" are not yet independent entities^ 
As described earlier the *'2" for example must be^^V^&ualized as two 
physically available objects* Likewise^ the addition operation must be 
related to soi^e physical union. A child working at this level of response 
indicates cognitive overload by losing track of part of the question when 
presented with an item involving multiple operations. As also mentioned 
earlier, similar patterns of response are obtained with more complex ex- 
ercises at higher levels of functioning* 

Postulates 3 an^ 4 indicate that to produce a higher level response 
within the logical domain characteristic of the major stage levels there must 
be an increase in functional .working memory which comes about through 
automatization of the elements and operations involved* In the present 

^ 

context this means that many experiences with small numbers in conjunc- 

♦ 

tion with one operation (e,g*» 2 4^ 3 5) enable the individual to begin 
to regard the numbers and operations as entities in^ themselves without 

immediate reference to ^me physical component* The need to use some 

* * 
(^f the wording memory space to monitor this last component having been 

dispensed with, functionally there is more space available for addition- 
al elements and operations and thus multistructural responses become 
possible (e,g*, 2+3+4 = 9). Similar progress makes possible' the 
development of relational responses* Referring again to the diagram we 
can see that the move to relational level^responses depends upon having 
automatized the concept of numbers and the operations on them so that one 
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can regard big numbers as being as real as small numbers and see that 
closure of the operations Is available If necessary* Typically relation- 
al responses reveal an ability to stand off and have aii overview of how 
the ope^ratlons within any Riven number statement might be Interrelated* 
Postulate 5 Is concerned with the move between major stages or, In 
t;^enns pf the response model described here> between responses at prestruc- 
tural and unlstructural levels andagaln between relational and extended 
abstract responses* If 'we take the latter transition as an example, all 
the literature points to a distinct shift In the quality of response. 
The quality of the structure of the extended abstract responses makes 
it reasonable to suggest that the functional working memory Is operating 
at maximum capacity and that the underlying logical functioning has taken 
a giant step^ forward* Examination of exten<fed abstract responses sBows 
that Improvement's which have previously taken place within a stage be* 

vCause of automatization are now extended and articulated Into a compre- 

*- 

henslve and highly efficient system which allows for the application of 
much highe^*4^^el strategies* For example, the ability indicated in 
relational^ responses to handle multiple familiar operations with large 
numbers a^d to see relationships between the operations within an ex- - 
pression Vhere closure is available at any time is extended and general- 
ized to kn ability to handle defined operation© with variables and to 
see relationships between the operations within an equivalence statement * 
^ The Response Model in Use 



The difficulty in making a direct application of the response model 



Elementary tferthematics 
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in mathematics lies in the fact that tl^e actual response made the 
child does not usually indicate the' complexity of the thought process 
which gave rise to it. For^example; If child is asked to find the 
value of "y" 'V + 5*= 9," and responds correctly with the answer 
'"4," one does not know whether this has been achieved by the simple 
unistructural ^device of counting on or by an extended abstract approach 
which would involve general principles such a& inverse operations, as- 
sociativity, and so on. To find the complexity of the structure used 
by the child further probing Is necessary. The summaries of the response 
characteristics which follow assume this further probing. 

1\ Pr6structural Responses . A respotlse at the prestructural level 
shows that the respondent is not deploying the thought structures to 

handle numbers ''and their "mathematical" combinations meaningfully. That 
t 

is not to say that a child responding at the prestructural level could 
not answer the question: "What do^ 2. and 2 giv^?*' However, being able 
to respond does not mpcessarily mean that ^he individual possesses 
the knowledge or the experiences to be sur^ that a group of two elements 
^combined with a further group of two elements always gives a group of 
four elements,, represented symbolically as 




with 



Lca iiy as 
(\^^ Slves 1 1 1 



Being able to respond correcTtly to th^ task of matching a set of niimer 



als with a set of four objects to be counted n^ed not imply that the child 



understands the numb'er idea four» wf^^h incorporates the notions of in- 
variance and conservation* For instance the child might well be able 

4 A 
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to use the counting sequence accura^tely up tCK a certain point but still' 
give nonconservlng responses to some of the classical ntmber conserva- 
tion tasks. 

Prestructural responses often Indicate that the Individuals con- 
cerned are d^eloplng bases for operational thinking > but It Is not 
until the next response level that one sees the thought structures nec- 
essary to handle number concepts, groupings, pairing corresponding ele- 
ments, and so on. 

2.. Unlstructural Responses , Responses at this level show that the 
respondent can only work with elements based In Immediately observable 
physical experience (e*g*, 7 but not 759)* ' ^he operations of ordinary 

arlthmetlQ^ as well are t^elated directly to verifiable experience* , 

' y * * 

' { ' ' ' ■ J 

/ 

e.g., I V 1 1 L/ llXl 1 ij 1 ^ n(C) = n(A) + n(B) 8 - 3 + 5 
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Responses at this level to Items using either large numbers or several 

oj>eratlons In sequence tend to Indicate that the child does hot find 

i 

the question meaningful* The . respondent needs to see Jthat a unique re- 
sult exists, '*real'* In te^rms of the student^s reality. This need may 
be t^^ed a requlr^ent for closure, and Is related ^o a similar need 
in other content areas to come to a quick firm decision on the basis of 



one datum. The idea of "inverse>" if incorporated in responses at this 
level, is physical* For example, subtraction is seen as "what is put 
down can be taken up/' No concept of the inverse as a process exists; - 
the typical unistructural 'response to the question of why x = 3 in the 
statement x + 4 = 7 is to use a counting ..on procedure of some kind^p If ' 
pres&ed further most respondents confined to this level will deny that 
*'x = 7 - 4'^ is a legitimate method of solving the problem* 

' In summary then unistructural >responses are marked by a single di- 
rect relationship to criteria - that ate concretely available, (either phys- 
ically or iconically)* ^ ^ * 

3* Multistructural Responses , Responses in this category are 
marked by a.student^s apparent ability to handle logical operations pro- 
vided'they can be applied directly to particular experiences* Operations 
4re not related to one another nox^ to abstract systems set up. independ- 
ently of physical experience. Thus, in working with addition and sub-^ . 
traction operations, the pupil responding at this level regards the re- 
suit of each operation as unique, and can cope well with a statement 
which involves a sequence of discrete closures as long there is no 
necessity to keep track of relatioiiships among the operations in the 
statement^ The arithmetical o^rations seem to be seen as reflections 
of reality - the sums and differences re^er to actual sets of objects 
whether present or not. 

At this , level of response the pupil still tends taskwork with qual- 
itative comparisons like "the closer" oi: "the larger/* Thinking depends 
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,on> and is bound by> the individual's perception of whaf: is real and - 
a marked inability, to set up an empirical system based on measurement. 
Children responding at this level are beginning to perceive consistency 
between their qualitative comparisons which at tiin^s pleads ^em to con- 
sider quantitative cpmparisons> but using additii^^'proced^ures only. 
Thu$ their responses show that ordering- elements by using direct ex- 
cess comparisons is a common strategy> but ^ordering or. comparison by 
ratio is not, ? . . \ * 

Meaningful use of the four operations of ^arithmetic shows up only 
if the uniqueness of the result is ^giiaraiiteed ,by previous experience 
with both the elements and operations, A n^ber of elements may be con- 
sidered if they related 'to direct physical expetlence/ However> if the 
elements are mote abstract> only a very* limited numb er^ can be-h^ndled. 
This means that a pupil responding at thlls leA)%l will cope with items 
like 3 + 7+4 because the elements are verifiable and .the 3+7 can 
be closed so that It gives still another -verifiable Element , thus allow- 
ing closure with 10 + 4 " 14* A second type o^ item'^that can be handled 
is 475 + 234; here th^. operation Is familiar afid thus th6 process can 

. ^ ^' ./ 

be carried out because the pupil knows from previous' experiei^ce ^hat a 
upique result will always Ve found*" ^ * 

>^ Clqsure is still the ultimate guarantee of uniqueness and the abil^ 
ityto handle multiple operations with' sniiall number^ by a series of mean 
ingful closures may be seen as analogous to using^ a gj^uence of given 
propositions to support ^a'particular judgment in oth^t content areag-^ 
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The concept of inverse which comes through at this level of re- 
sponse i^ that it is a "destroying^' process. Although^ in the class- 
room, this kind of thinking is difficult to distinguish from thinking 
where;^the inverse is seen as an ^'undoing" process, the student^s con- 
cept of destroying possesses an irreversible quality . ^Fpp^''^^ple, 
the student regards subtracting as destroying the effect of addition 
without specifically relating to the operations themselves* To find 
the value of *V" in "y + 4 = 7/* '*y" is regarded as a unique number to 
which has been added; subtracting happens to destroy the effect 
of the original addition. Probing usually reveals^that the child ex- 
plains the correct response to the question, not by referring to the 
addition and subtraction op4rat:i9]^s<, but by adopting a more primitive 
strategy, counting or saying the equivalent, of , "that^W'how I was taught* 

4. Relational Responses * Responses at this level seem to rely up- 
on the Same basic skills at the multistructural response level; the ma- 
jor advance appears to be less reliance on seeing uniqueness in the re- 
Suits of operations even though there is still a requirement for unique- 
ness of outcome to be guaranteed* This guarantee of closure is obtained 
by making a generalization from concrete instances. The individual re- 
sponse ie still, bound ^o empirical evidence but the respondent is now 
prepared to infer beyond what can be demonstrated by model, ai)d to- form ' 
a generalization fr^ a number of specific cases. Thus at this level, 
where appropriate, the^response. tal^es the form of a concrete generallza-^ 
tion where a few specific positive instances guarantee the pliability of 
a rule* Typically the responses indicate that the student is looking for 
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positive instances to fono a general izat ion > but^ is unaware of the need 
to check -|or counter- examples and constraining conditions* Moreover, 
as the response is based on th^ immediately available empirical evidence 
only> the student is unable to consider hypothetical instances. 

The bas^p ability to handle a statement involving a series of clo- 
siires is qow generalized in two ways, First> the size i)f the numbers 
used rarely causes problems; second, and more significantly, the child 
now indicates an ability te^ keep track of the relationships within the 
given statement » ^ 

Relational responses show an ability to handle generalized (appar- 
ently abstract) elements based. on a few specific verifiable instances, 
e,g,, 2a + 3a ^= ^a* Probing reveals, however, that the uniqueness of 
the result (the requirement of closure at this level) must still be 
guaranteed* In the example just given, questioning reveals that *the, 
truth of the statement most likely rests on some concrete analogue such 
,as/'2 apples together with 3 apples gives 5 apples" rather than on any 
satisfactory abstract mathematical generalization, - 

In responding to questions re^^^^^o statements such as the formula 
y = mxsxt these students' responses show that they rely on the follow- , ^ 
— ing facts: (a) that each letter stands for- a unique number on any parti- ' 
cular occasion, and (b) that each binary operation involved can be closed 
at any stage, ^ ^ ' , 

At this level the following types of items' will elicit correct re- 
aptftises : 
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(a) if 9 * 4 = 5 and 7 * 2 F .5, 

t 

what operation does * stand for? 

(b) if 6 * 2 = 12 and 5 * 3 =■ 15, ^ ' 
comf^lete 4*5=" 

(c) decide whether the following pairs of expressions are 
equi^^alent: 

* 

259 X ^16 ' 376 x ^16 
259~^"'* 376~ 

(469 + 361) - 257 and ('468 + 362) t 254 ^ 
At this level of response the ''inverse*' process becomes an /'un- 
doing" of an operation previously performed. Thus it possesses a re- 
versible quality^ but is limited by the fa^t that it can only be applied 
to familiar operations. For example, the student may solve simply equa*- 
tions by using the property that addition undoes subtraction, multiplica- 
tion undoes division and vice versa, but is not ftecessarily able to see 
that squaring undoes the square root in a simple surdic equatiion. 

Individuals responding at this level appear able to u^e an abstract 
rule that they have obtained from generalizing a number of specific in- 
stances but they do not demonstrate the cognitive structures necessary 
to use the rule in a slightly different situation. To take an example 
used in an earlier section of this chapter, a student'may derive the 
formuia for the area of a rectangle (A " L x W) by generalizing rfrom 
a number of particular examples, ahd then appear to use^the formula as 
if it now formed part of an abstract system. However, if a question is 

» L 

given that requires seeing Aj^^J*< and W afe variables instead^of allowing, 
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L> and W to be seen as unique> each representing a particular nuoiber 
on a particular occasion, then the typical response at this levelT^how^ 
an inability to handle the problem. An example of this latter, type of 
que'Slion would be: '*lf a rectangle ha% length twice its breadth and its 
area is 72 square units^ find its dimensions/* The difficulty for the 
Student' confined to the relational level is that in a formula such' as 
^ - L X W each eletnent must represent a specific> unique number and a " 
closed result must be guaranteed as soon as a substitution is made. 
This nec&ssi'ty for a guarantee of immediate closure which typifies re- 
sponses/at this lever inhibits_the ability to overviev^^ th**^ata and 
comprehend the abstract relationships between variables. 

In conclusion then responses at the relational level are given on ^ 
the basis of concrete generalizations where a few specific, instances sat- 
isfy< the ^respondent of the reliability of a ryTe and where the result of 
an operation> even though it be on apparent variables > is necessarily 
considered to he unique. In other vords> the individual relates elements 
within the immediately available concrete system and forms generalizations 
on this basis . ^^^^.^ 

5< Extended Abstract Responses . At this level responses show^ that 
^stud^pts reason and consider ideas at th^ abstract level withQut having 
to rely on experiences in the physical world. Their answers are clearly 
based on deductive reasoning from let carefully chosen hypoth^is or premise. 
Abstract variables which may hSve a bearing on the solution to the problem 
are visualized and manipulated; responses are no longer bouqd by cohcretA 
experiences. Respondents are no longer satisfied that one or two positive 
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Instances are a sufficient basis from which to generalize; a compre- 
hensive Inductive procedure Is Invoked- The student responding at thls^ 
level does not. require operations <o he actually closed; closure and 

uniqueness are looked upon is abstract properties that have certain Im- 
t 

plications If they are available, the ability t^ operate on operations 
Is In evidence (at the earlier levels the responses relate laalnly to 
operating on elements) showing that the student does not need to relate 
either the elements or the operations to physical reality In order to 
work , with them. This ability to work without the requirement of unlque<- 
ness of the elements allows satisfactory responses to >e made to Items 
such as the following where the probldkh Is to decide on the equality or 
otherwise of pairs of expressions such as; , 

(1) a + b and (a + 1) + (b + L) . ^ 

(2) ' a + h and (a + 1) + (h - 1) y • 

(3) (a + 1) X (h and- (a - ?) x (h +1) 
(A) (a b) X (a + b) and (a - a) x (b x b) 

The leyel of difficulty here Is a function not only of the degree 
of abstraction of the elements but also of the structureof ttie operations 
themselves. 

Typically responses at this leve}. show that the students can accept 
lack of closure and are capable of dealing with v'arlables as such because 
they can hold back from drawing a final conclusion until they have consld- 
ered varl6us possibilities, an esseptlal strategy for determining a re- 
lationship as dldtlnct, f rom obtaining a unique result. For Instance, 
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given V « L X W X H they would, not only be able to obtain unique re^ 
suits by appropriate substitutions In the formula hut would also be 
able to discuss meaningfully the effect of various transformations on 
the formula, e*g*, what would you predict for *'V'* If "L'* was Increased^ 
'V* decreased and '*H** held constant? 

The Inverse process Is seen as an operation which Is used to balance 
or compensatfe without necessarily affecting the existence of an earlier 
operation* As such It possesses a recl|frocal quality* For example, an 
Item such as ' ' 

If (p * r) * q » (a * b) * q' 
*tTien p * r ■ a b 
can be handled (the elements p, rf^q, a, b and the operation with 
Its Inverse, being suitably defined)* 

Responses at this level show that the student Is able to see meaning 
in, and worW within, an arbitrary well*^def Ined but unfamiliar system. 
This ability ^allows the stiidents.to look on the propositions and condl- 
tlons themselves as the reality, and not to require a link ^th the phys" 
leal world prior to working on a probl^Nwhere the system Is defined*,. 
They are able to «ork within a slmpze mathematical system and are capable 
of seeing Inconsistencies In such a system* 

In summary thei), extended abstract responses have the following char** 
acterlstlcs: acceptsiice of lack of closure ^ the use* of the reciprocal op '- 
era t Ion t and the ability to work with ittultlple. Interacting and "abstract 
systems . All these characteristics Invplve a comprehensive use of the 
given data together with related hypothetical constructs * ^ 
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Examples of Students' Responses In Two Partlclilar Mathematical/items 

In the previous subsection the general aspects of the SOLO character- 
Istlcs for different levels of functioning with mathematical material 
have been^ described. In a number of topics and/or concepts which are 
Ineorporated In most math^natlcs currlcula> either Implicitly or ex- 
pllcltly> sufficient research has been done to fill out the general sum** 
mary given above. I have produced three major reports (Collls> 1975a, - 
b; Collls^£r Biggs, 1979)' to which the Interested reader Mght refer. 
In this section I will give examples of responses at each level for two 
different elementary mathematical Items. Responses were tl|ken from proto 

I * 

cols obtained from children of various ages. Interviewed Individually. 
A )(ummary of the first t>rotocol has been referred to In explaining some 
concepts In earlier sectjloUS of this chapter. ^ / 
Example 1 . ' ^ * ' 

Question: "What Is the value ofQ ln[J+ A » 9?" 

Prestructural ^ 

S; "10." 

E: "Can you tell me how you got 10?" 
St "10 Is my favorite number!" 
Comment: Irrelevant response; refusal to get Involved In data given. 
Unlstructural 

St "5.!' ' , * - 

E: "Can you tell me how you got 5?" 
S: "5 and 4 are 9." 



E: "Could ym do It another way?" 



S_: "No." . • 

E: "Would itWp if ' I did this/ 

□ - 9 - 4?" ^ , 

S^; "Ho - that's a different sum*" 

Comment:; direct forward closure> usUng table facts or counting a^nd 
refusal to accept that subtraction could be related in any 
to an addition statement 

Multistructural 

♦ 

S: "5." 

E: "Can you* tell me how you get 5?" 

S: "5 and 4 are 9." . . 

E: "Could you do it another way?" ' ^ 

S: "Yes, take 4 from 9." ^ 

E: "You mean you can do it llTe this, □ - 9 - 4?" 

S: "Yes." 

I 

E: "Why does that work?" 

S^: "Because It gives you the answer*" 

Comment; sees^ that subtraction is a useful procedure for getting 
the answer but it is simply another way and has no re- 
lation to a reversible universe notion* 

Relational ^ 

S; "5*" 

E; "Can you tell me how you get 5?" ^ . 

S^; "9 subrract 4 gives 5*" ^ ' 

E; "You mean you can do It like*this, - 4?" 

S; "Yes/* 

"Why does that work?" 
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S^: "Well, you've got this number, which when you add It 
to 4 gives you 9* Thus If you want to find the other num- 
ber^you take 4 from 9. 

E; "You are telling me then that I can set out my working thus: 

□ + 4 - 9 

□ - 9 - ^ -®.^" 
S: ''Yes/* ^ 

E: "Now i 4on't look very much alike to me* Can you ^ 
help me with any other explanation?" 

After some discussion which hinges on giving his original 
explanation In different ways, E makes a suggestion. 

E: ^^uttlng In another line might help me - would this help yo/^^ 
□ +4-9 ^ 
Q+4-4-9 - 4?'* 

S^: (After a considerable pause and careful consideration^ 
"No, you'fe just going to do a lot of work for nothing; 
It ain't going to get you nowhere!" 

Comment: sees the Inverse relationship exl&tlng between addition and 
subtraction ^nd justifies the response quite correctly with- 
in the constraints of the closed system* Does not see any 
point. In the suggestion for balancing both sides of the equa- 
tion* 

Extended Abstract 

S: "5." 

E: "Can you tell me how you get 5?" 
S^: "9 subtract 4 gives 5*" 

E: "You mean you can, do It like this; D» 9 4?** 
S: ''Yes*" 

E^: "I do not see much connection between [3+^*9 and 

|[J * 9.- 4; they don't look at all sllke* Can you * 
give me an Explanation?" 

S: (Without hesitation and without previous Instruction 
proceeds as below explaining as he gpes*) 
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t □ + - = 9 - A 

- =5+0 
□ = 5 

Comment: When pressed » sees the original stat^ent as a balanced 
logical system and proceeds to operate by appealing to 
appropriate logico-mathematical principles. 

In this first example I haye given almost verbatim the interchanges 
between tjie^^cperimenter and the student » The same kindsV/^ interchanges 
were involved in the next example but I have omitted the full .<^etalls and 
only set forth the significant student responses at each*level. It needs 
to be bonie in n^ind at this point that the level of response is not nec- 
essarily, age/grade related* Although the individual's stage of cognitive 
development probably sets the upper liniit to the level of response^ it 
certainly does not set the low;er bound* 

Example 2 * ^ ^ 

I 

Question: "What is the value of Q in the following statement: 
(72 r 36) X 9 - (72 x 9) ^ (Qx 9)?" 

Pres tructural 

SST (i) "Can't do U"; 

(ii) "Haven't learnt those yet"; 
<iii) "I don't like long sums." 

Comment: Ss give an irrelevant response or refuse to get engaged 
in ,the problem4 

Unisttructural ' 

Ss: (i) "36 - there's no 36 on the right hand side." 

(ii) "72 T 36 *,2" - S gives up at this point. 

Comment: Ss re ^onses usually indicate low level pattern seeking 
or 'one closure and then the task is given up. 
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Multlstructural 



Ss: 



Comment ' 



ill r 36) X 9 
2 , X 9 
18 



(72 X 9) 
6A8 
6A8 
18 
Hence 



(□ X 9) 
(□ X 9), 

7 = 




l,e, 32A 



Ss perform a series of closures but lose the thread of 
what they are after and get mixed up. In the above ex- 
ample closed off the left hand side to '*18" without any 
trouble. The problem arose on the right hand side - '*18'* 
was required, "9'* was availa])le, where was a "2" to come 
from? - hence the mix-up* 



Relational 

Ss: (72 T 36) X 9 
2 X 9 
18 



(72 X 9) T (□ X 9) 

6A8 T ( □ X 9) 

6A8 r 9 « 72 

then 72 r A » 18 

Hence Q * ^ 



Comment: Ss^ perform a series of closures but are able to keep the 
overall picture before them so that they do not get mixed* 
up at a crucial stage in the process. 

Extended Abstract 



Ss: (72 ^ 36)^ 9 
, (72^^36) X 9 




a 



0 



thus; 



(72 r 36) X 9 
(72 X 9) - 36 
(72 X 9J ^ X 
Hence D = A 



9) 



Cotoment: the initial thinking is in terms of examining the relat^n 
ships* These suggest looking at some reassociation o^the 
elements concerned* Nonclosures are undertaken; all^the 
work is done by focusing on the abstract logic of the op- 
erations and a complete overview of the problem. 
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Conclusion 



It should be clear that focusing tnfe educator's attention on re- 
sponse levels and their structure has major Implications for the edu- 
catlonal process which takes place In the classroom (Collls & Biggs » 1979). 
Firsts It takes- the emphasis off the level of cognitive dewlopment; and/or 
IQ> about which the Individual teacher can do very llttl4. Instead^ at- 
tention Is drawn to the structure of the child's response whlch^ If the 
teacher Is able to recognize lt» enables a dialogue to begin with a view 
to raising the child* s level of responding * surely a desirable classroom 
aim regardless of the content matter Involved » 

' Apart from Its use In formative evaluation as Indicated^ the response 
model gives the teacher a rational basis for normal evaluation of the 
child's level of functioning in an drea» It Indicates clearly that In 
mathematics the correct answer can be obtained In a number of ways and 

y * 

Is not In Itself sufficient to tell the teacher how well the chlld^ under* 
stands what he or she Is ^supposed to be doing* 

Much work needs to be done In mathematics education before the full 
benefits of focusing "attention on the stnicture of a child's respojises 
can be attained* One fleld^where the concept can be put to iiomedlate 
use with good effect would be curriculum development* A series of norma^ 

( 

tlve studies would Indicate the expectations which giie teacher might have 
of a normal ag^/grade group In terms of response compiexlty> t^ogether 
with specifying the structure of the next level of complexity* this 
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knowledge would be of enormous benefit to schools and teachers involved 
in school-based curriculum development^ ^ 

Finally^ the notions explicated above'would suggest that we investi- 
gate closely the initial understanding of addition and subtraction which 
the child begins school. Children do a great deal of learning before 
they come to school and indeed develop quite sound problem solving skills 
appropriate to their own level of cognitive functioning. It seems quite 
illogical to ignore this and begin by imposing a potentially more effici- 
ent adult model on the children - a model which the children have not ^he 
cognitive capacity tc^ come to terms vith» as some of the research referred 
to in this paper shows. 

Children might well see the structure of the following problem as a 
**take-away": ''Mary has 8 balloons- and she gives 5 to Mark, How many has 
she left?'' On the other hand, children might view the following probl'fem 
as some kind of '^matching": '!Mary has 8 balloons, Mark has 5. How many 
more balloons has Mary than Mark?'' For the teacher to categorize ^these * 
as both mere applications of the subtraction algor^hm could well be one 
of the first steps towards teaching children that mathematics is not some- 
thing one does or thinks with but a sequence of unconnected schooX^valued 
skills whichj they are led to believe, will be of use later. 
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